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Abstract. A rational function (p(z) of degree d > 2 with coefficients in an alge- 
braically closed field is post-critically finite (PCF) if all of its critical points have 
finite forward orbit under iteration. We show that the collection of PCF rational 
functions is a set of bounded height in the moduli space of rational functions over 
the complex numbers, once the well- understood family known as flexible Lattes 
maps is excluded. As a consequence, there are only finitely many conjugacy classes 
of non-Lattes PCF rational maps of a given degree defined over any given number 
field. The key ingredient of the proof is a non-archimedean version of Fatou's classi- 
cal result that every attracting cycle of a rational function over C attracts a critical 
point. 



1. Introduction 

A rational function ip G C(z) is post- critically finite (PCF) if all of its critical 
points in P 1 (C) have finite forward orbits under iteration of (p. Over C, where the 
orbits of the critical points are known to play a central role in the global dynamics 
of a map, it is not surprising that PCF maps exhibit interesting behavior. Since 
Thurston's foundational result on PCF maps [15], a growing body of work has focused 
on their properties [8j [TTJ [121 H31 [261 ED HQ] • In this article, we study PCF maps from 
an arithmetic point of view, where their novel properties are only beginning to be 
explored. 

Our interest here lies in the distribution of PCF maps in the moduli space Aid of 
rational functions of degree d > 2 up to change of variables; see Section [2] for more 
precise definitions. Thurston's result implies that apart from a well-understood class 
of PCF maps associated to elliptic curves, known as the flexible Lattes maps, there 
are only finitely many conjugacy classes of rational maps defined over C whose critical 
points each have orbits of length not exceeding N, for any given integer N. Moreover, 
all such maps are Q-rational points in the moduli space Aid- Hence, the PCF points 
in Aid consist of the Lattes locus plus a countable set, and they are therefore in a 
precise sense a sparse subset of Aid(C). However, this fact does not a priori preclude 
the possibility that many, or even most, points in Aid(Q>) give conjugacy classes of 
PCF maps. Our main result shows this is not the case, by bounding the height (see 
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Definition I2.4p of PCF points. In particular, the height referred to in the following 
result is the pullback of the usual Weil height on projective space via a morphism 
which is finite away from the Lattes maps, and hence shares the usual properties of 
the Weil height. 

Theorem 1.1. For each d > 2, the PCF locus in Aid(Q) consists of the flexible 
Lattes locus, plus a set of bounded height. In particular, for any fixed integer B > 1, 
there are, up to change of variables, only finitely many PCF rational functions of 
degree d that are not flexible Lattes maps but that may be defined over a number field 
of degree at most B . 

From a number-theoretic perspective, one of the motivations for studying PCF 
points in Aid is an analogy with CM points in the moduli space of elliptic curves. 
If ip is defined over a number field L, one may associate to p an arboreal Galois 
representation via the natural action of Gal(L/L) on the infinite tree of all preimages, 
under the iterates of <p, of a fixed L-rational point. The image of this representation is 
much smaller for PCF maps than for typical rational functions [HHO]. By comparison, 
the ^-adic Galois representations of elliptic curves with complex multiplication have 
much smaller images than those attached to elliptic curves without CM. 

The second claim in Theorem 11.11 is very similar to a statement for j-invariants of 
CM elliptic curves, which follows from class field theory and the Gauss Conjecture, 
originally proven by Heilbronn. In the case of polynomials, the second author [28] 
has already established Theorem 11.11 which follows from stronger results relating 
the height of the coefficients of a polynomial to the rate of growth of the heights in 
its critical orbits, but the arguments in [2B] seem unlikely to generalize to rational 
functions. The proof of Theorem 11.11 follows a fundamentally different approach, 
which comes from studying the height of the multipliers of periodic cycles. 

Let K be a field, let (p G K{z) be a rational function, and let 7 G P 1 (i^). If 
^(7) = 7) we sa Y 7 is a fixed point of (p. In that case, by a change of coordinates, we 
may assume that 7 7^ 00, and define the multiplier of 7 to be A = p'i'j) G K. More 
generally, if ^"(7) = 7 for some n > 1, where p> n denotes the n-fold composition 
(p o • • • o tp, then we say 7 is a periodic point of p of period n; and if n is the minimal 
period of 7, then we define the multiplier of 7 to be A = ((p 71 )'^) G K. The multiplier 
is invariant under coordinate change, and it is the same for each point ^(7) in the 
forward orbit, or periodic cycle, of the periodic point 7. If K is equipped with an 
absolute value | • |, we say that the orbit of the periodic point 7 is attracting if 
< |A| < 1; the case A = is referred as the superattracting case. We say that 7 
attracts x G K if lin^^oo p> nm (x) = tp (7) for some < k < n — 1, and that 7 strictly 
attracts x G K if 7 attracts x, but p> n (x) 7^ 7 for all n > 1. 

The main engine in our proof of Theorem 11.11 is the following result. 



ATTRACTING CYCLES IN p-ADIC DYNAMICS 



3 



Theorem 1.2. Let K be an algebraically closed field which is complete with respect 
to a non-archimedean absolute value \ ■ \ . Let p > be the residue characteristic of 
K, let d > 2 be an integer, and assume either that char if = or that char if > d. 
Define the real number e = e Pi d < 1 to be 

e = minjlml^ : 1 < m < d} : 

which is clearly positive. Let <f{z) G K(z) be a rational function of degree d, and let 
7 be a fixed point of <p satisfying 

0< |^(7)| <e. 

Then there is a critical point of ip which is strictly attracted to 7. 

Note that if p = or p > d, then the definition above gives e p ^ = 1. In addition, 
we will see in Theorem 15.11 that if f{z) G K [z] is a polynomial, then the constant e in 
Theorem 11.21 can be improved to = min{|m| m : 1 < m < d}, which is sharp in 
that case. For general rational functions, however, we will see in Section that the 
bound E Pt d is not sharp. 

It is a classical result from complex dynamics that over C, every attracting cycle 
strictly attracts a critical point jH Theorem 9.3.1]. The proof uses complex analysis in 
a fundamental way. The analogous statement over a non-archimedean field of positive 
residue characteristic, however, is false; for instance, the map (f(z) = z p , defined over 
the completion C p of the algebraic closure of Q p , has the curious property that every 
cycle is attracting, with respect to the natural extension of the p-adic absolute value. 
Thus, although the full strength of the classical complex result does not carry over 
to non-archimedean fields, Theorem 11.21 says that in the non-archimedean case, a 
non-superattracting cycle strictly attracts a critical point provided that the cycle is 
sufficiently attracting. 

We will deduce Theorem 11.11 from Theorem 11.21 in Section [21 but we briefly sketch 
the idea here. By definition, a PCF map defined over a number field L cannot have 
a critical point strictly attracted to a periodic point over any completion L v , as v 
varies over the places of L. Thus if (p is a PCF map defined over L, then Theorem 11.21 
provides an upper bound on the w-adic absolute value of the reciprocal of the multiplier 
of any cycle of length n, for such a cycle consists of fixed points of (p n . The local 
bounds induce a bound on the height of any such multiplier. By a basic property of 
the Weil height (see Definition I2.4p . it follows that there are only finitely many values 
in L that such a multiplier could take. Finally, a celebrated theorem of McMullen [53] 
states that for N chosen large enough relative to d, the multipliers of all n-cycles with 
1 < n < N essentially give a parameterization of A^d(C) off of the locus of flexible 
Lattes maps. Thus, the finite list of possible multipliers of cycles of PCF maps is 
realized by only finitely many non-Lattes points in Aid- 
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In light of Theorem 11.11 it is natural to wonder whether the finite set alluded to is 
effectively computable; the results in [2E], for example, provide an effective algorithm 
for computing the corresponding set in the polynomial case, and work of Goldfeld 
[23j [23] and Gross-Zagier |25j on the Gauss Conjecture provides an effective way 
of enumerating j-invariants of CM elliptic curves. Since the elements of a set of 
bounded height in affine space may be effectively enumerated, the question reduces 
to whether or not McMullen's theorem may be made effective, that is, whether there 
is an algorithm to compute the list of rational functions with a given multiplier 
spectrum. In general, an effective result is not known, but in degree d = 2, work of 
Milnor [33] and Silverman [43J allows one to perform just such a computation, given 
the following concrete form of Theorem II. II as input. Here, h denotes the Weil height. 

Corollary 1.3. Let <p{z) G C(z) be a rational function of degree 2, and suppose that 
(p is PCF. If X is the multiplier of a fixed point of tp, then h(X) < log 4. 

Corollary 11.31 can be used to explicitly compute, for any B > 1, the finitely many 
conjugacy classes of quadratic rational maps having a representative whose coefficients 
lie in an extension of Q of degree at most B. This turns out to be a daunting 
computation, however, even in the case B = 1. 

Our method of proof of Theorem 11.21 also yields the following fact about non- 
archimedean analysis, which may be of independent interest. 

Theorem 1.4. Let K be a field as in Theorem let (p(z) G K(z) be a rational 
function of degree d > 2 for which (f(oo) = oo, and let a e K . Suppose that a is not 
a pole of ip, and let r be the radius of the largest punctured disk about z = a which is 
disjoint from <^ _1 ({<^(a), oo}). Then there is a critical point {3 of if satisfying 

- <p{a)\ <rtV(a)l, 
where e is the same constant from Theorem \1.2i 

This result contrasts with recent result of Faber [18] on a related topic. He shows 
that if a rational function over a non-archimedean field has distinct zeros in a closed 
disk of given radius, then there is a critical point in a disk not much larger (and in 
fact equal in the case p = or p > d) . 

Theorem 11.21 is stated for fixed points, but we may apply it to ip n and thereby 
extend the result to n-cycles. It follows that an n-cycle strictly attracts a critical 
point when it has multiplier A satisfying < |A| < e p jn. This bound is sufficient for 
the purposes of Theorem ll.lt f° r which we fix n; but if we wish to consider cycles of 
arbitrary length, we are hampered by the fact that e p ^ becomes arbitrarily small. It 
turns out, however, that nth iterates of rational functions of degree d are not typical 
amongst rational functions of degree d n , and that we can significantly improve the 
above estimates for n-cycles when p > d. 
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Theorem 1.5. Let p and K be as in Theorem \1.2L and suppose either that p = or 
that (p(z) G K(z) has degree d < p. If 7 is an n-periodic point of <p with 

0<|(^)'( 7 )|<1, 

then there is a critical point of (p that is strictly attracted to the cycle containing 7. 

It is a classical result in holomorphic dynamics over C, proven by both Fatou 
[121 [201 an d Julia [22], that any rational function ip(z) G C(z) of degree d > 2 has at 
most 2d — 2 attracting cycles; the key fact is that each such cycle attracts a critical 
point, albeit possibly not strictly. (Shishikura [JT] later extended the same bound of 
2d — 2 to all non-repelling cycles.) Theorem 11.51 allows us to give a non-archimedean 
analogue of the classical result. 

Corollary 1.6. Let K be a non-archimedean field with residue characteristic p, and 
suppose that (p(z) G K(z) has degree d with p > d or p = 0. Then <p has at most 
2d — 2 attracting cycles. 

Rivera-Letelier has proven a similar result J37J Corollaire 4.7 and Corollaire 4.9] 
under the same hypotheses, with a bound of 3d — 3. There is no hope of removing 
the hypothesis p > d or p = from Corollary 11.61 as the map z p has infinitely 
many attracting cycles over any field of residue characteristic p. Even under those 
hypotheses, there is also no hope of bounding the number non-repelling cycles, as 
Shishikura did in the complex case, since any map with good reduction over a non- 
archimedean field has no repelling cycles. Still, since C p is isomorphic (as a field) to 
C, and because rationally indifferent cycles (i.e., cycles whose multiplier is a root of 
unity) remain rationally indifferent under base change, it follows from Corollary 11.61 
and Shishikura's result that under the same hypotheses, the number of attracting 
cycles plus the number of rationally indifferent cycles is at most 4c? — 4. Presumably 
this bound is not sharp — no examples with a total of more than 2d — 2 such cycles 
are known — but with current technology, we know of no way to improve it, even if 
we use the more generous counting scheme introduced by Epstein [To] . 

Another application of Theorem 11.51 is to the case of a global function field. 

Corollary 1.7. Let K be a function field of characteristic p, and suppose that either 
p = or p > d. If ip(z) G K{z) is a PCF map of degree d, then the multipliers of all 
periodic points of ip lie in the algebraic closure of the prime subfield of K . 

In particular, Corollary 11.71 implies that if McMullen's Theorem holds over the 
algebraic closure of the prime subfield of K, then every PCF map in K is Lattes or 
isotrivial. Unfortunately, we cannot use Corollary 11.71 to deduce an alternate proof 
of Thurston's rigidity result [15] for PCF families over C from McMullen's theorem, 
since McMullen's proof uses Thurston's machinery. However, in some cases only a 
McMullen-type result is known, such as for quadratic rational maps over a global 
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function field of odd characteristic. In such cases, we deduce that any PCF map that 
is not a flexible Lattes map is in fact defined over an algebraic extension of the field 
of constants, after a change of coordinates (see Corollary 16.31) . 

Finally, we can reverse the question of Theorem 11.21 and ask what happens around 
repelling periodic points. It turns out that there exist PCF maps with repelling 
points, even when the residue characteristic is or > d, where such maps could 
not have attracting points that are not superattracting. In personal communication, 
Rivera-Letelier points to the example 

(1) <p{z) = -45^^y G C 5 (z) 

which is PCF but has two repelling fixed points — one with absolute value 1, and 
one with absolute value |5| < 1. 

However, if we consider polynomials only, it turns out that PCF maps do not 
have repelling points when the residue characteristic is or > d, and in fact they 
necessarily have potentially good reduction. In Section 0, we use Newton polygons 
to prove this. The same method can be used to reprove and slightly generalize a 
result of Epstein [T7] , which states that in residue characteristic p, PCF polynomials 
of p-power degree have potentially good reduction. 



2. Definitions and deductions of corollaries 

We begin with some remarks on the moduli space Aid of dynamical systems, re- 
ferring the reader to [121 Chapter 4] for more details. Let Rat^ be the set of rational 
functions ip : P 1 — > P 1 , which is naturally identified with an open subset of W 2d+1 by 
simply taking the coefficients of the numerator and denominator of <p and eliminating 
the locus where the numerator and denominator have a common root. Then Rat^ is 
a variety defined over Q. Since Aut(P x ) = PGL2 acts naturally on rational functions 
by conjugation, representing a change of coordinates, it makes sense to consider Rat^ 
up to this action by PGL 2 , prompting one to define 

M d = Rat d /PGL 2 . 

In [121 Section 4.4], it is shown that Aid is an algebraic variety defined over Z, and 
moreover, that if K is an algebraically closed field, then Ai d{K) consists precisely of 
the cosets of Rat^ under the conjugation action of PGL 2 (i^). 

Definition 2.1. The map if : P 1 — > P 1 is called a Lattes map if there is an elliptic 
curve E, a morphism a : E — >■ E, and a finite separable map ir such that the following 
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diagram commutes: 



pi ^pi 

f 

We say that ip is a flexible Lattes map if it is obtained by taking 7r to be the usual 
double-cover and taking a(P) = [m]P + T, where T 6 -E[2]. 

Lattes maps are treated more completely in [121 Sections 6.4 and 6.5], where it 
is shown that non-isomorphic elliptic curves yield non-conjugate Lattes maps [4"2l 
Theorem 6.46], and that Lattes maps are PCF [4*2| Proposition 6.45]. Thus, if we fix 
m and let E vary, the corresponding flexible Lattes maps give curves in Ai m 2 that 
consist of PCF maps. 

The dimension of Rat^ is 2d + 1, and that of Aid is 2d — 2, since dimPGL 2 = 3 and 
the PGL 2 -automorphism group of each ip G Rat^ is finite [32j [36]. Since a rational 
function of degree d has 2d — 2 critical points, we expect that each set of critical orbit 
relations p mi (Ci) = f ni (Ci) on the orbits of the critical points Q of /, with m; ^ rii, 
will have only finitely many solutions. As it turns out, all of the flexible Lattes 
maps in a given family have the same post-critical behavior, and thus they form a 
counterexample to this a priori expectation. However, it follows from a deep result 
of Thurston [15] that these are the only exceptions in A^d(C). We refer to this result 
as Thurston rigidity, though Thurston's actual result is considerably more broad. 

Theorem 2.2 (Thurston rigidity). Apart from the flexible Lattes maps, there are 
only finitely many rational maps in M. d {G) satisfying a given set of critical orbit 
relations. Moreover, all such maps are defined over Q. 

Brezin et al. [11, Corollary 3.7] explain how Thurston's result in [15] implies The- 
orem [221 

Another main ingredient in the derivation of many of our corollaries is a celebrated 
result of McMullen [33] . Let A n : Aid — > A kn denote the multiplier spectrum map, 
i.e., the map sending ip to the unordered set of multipliers of its period-n cycles (more 
precisely, to the elementary symmetric functions in the multipliers). 

Theorem 2.3 (McMullen). Fix d > 2. For sufficiently large n the map 
(2) Ai x • • • x A n : Ai d (C) -)• A kl+ - +k "{C) 

is finite-to-one away from the flexible Lattes curves. 

One can compute the multiplier spectra corresponding to Lattes maps in a given 
family [121 Proposition 6.52], and see that these families are isospectral. Thus, the 
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map in (j2J) compresses each such family down to a single point. The fact that the 
flexible Lattes maps truly are exceptional in McMullen's theorem is crucial for the 
proof of Theorem 11.11 since Ai^C) contains infinitely many flexible Lattes maps 
defined over any given number field, as long as d is a perfect square. 

The last preliminary notion we require is the standard Weil height on Q. 

Definition 2.4. The Weil height, or simply the height, of an algebraic number a G K, 
where K is a finite extension of Q, is defined by 

(3) h(a) = ^'o^ I °g max { 1 i l Q! kK 

v<=M K ' ^ 

where Mk denotes the set of absolute values of K, normalized in the standard way, 
and K v denotes the completion of K with respect to the absolute value v. 

It is routine to check that the quantity ([2]) does not depend on the field K, and 
hence ((3]) gives a well-defined function h : Q — > R. The definition for heights over 
functions fields is completely analogous. We refer the reader to [4"2"| Chapter 3] for 
more details on Weil heights. 

Northcott's fundamental result in arithmetic geometry [35] states that there are 
only finitely many algebraic numbers of bounded height and bounded degree. In 
other words, for every pair of non- negative integers A and B, there are only finitely 
many values a G Q satisfying both 

h(a) < A and [Q(a) : Q] < B. 

(The analogous result holds for function fields if and only if the field of constants is 
finite.) Moreover, this finite set of points is effectively computable, since a bound on 
the height of an algebraic number yields a bound on the size of the coefficients of 
its minimal polynomial over Z. Finally, a classical result of Kronecker implies that, 
over number fields, h(a) = precisely if a = or a is a root of unity (in dynamical 
terminology: precisely if a is preperiodic for z i— > z 2 ). In the function field setting, 
the condition h(a) = is equivalent to a being a constant. 

We are now in a position to prove Theorem II. 1[ assuming Theorem 11.21 

Proof of Theorem Let (p be a PCF map of degree d defined over an extension of 
Q of degree at most B. We will show that the multipliers of the n-cycles of (p are 
contained in a set of bounded height and algebraic degree, and that these bounds 
depend only on B, d, and n, but not on ip. For fixed n, then, there are only finitely 
many algebraic numbers A which could possibly be the multipliers of n-cycles of a 
PCF map (f(z) G Q whose coefficients generate an extension of Q of degree no greater 
than B, by the result of Northcott [35]. In other words, in the notation of Theorem l2.3l 
above, there is a finite set X B ^ n such that A n ((p) G X B d n whenever <p(z) G Q is a 
PCF map of degree d, defined over an extension of Q of algebraic degree at most 
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B. But by Theorem 12.31 we may choose some n, depending only on d, such that the 
fibers of the map 

A x x • • • x A n : M d (C) -> A kl+ - +K (C) 

are finite, away from the flexible Lattes maps. In particular, there will be only finitely 
many conjugacy classes of non-Lattes maps which land, under this map, in the finite 
set Xs,d,i x Xs,d,2 x • • • x XB,d,n- Theorem 11.11 follows as soon as we establish the 
aforementioned height bound, since it is trivial to obtain bounds on the algebraic 
degrees of the multipliers. 

Thus, we suppose that <p(z) G K(z) is PCF, where [K : Q] < B, and let E/K 
be the extension generated by the fixed points of (p. Note that [E : K] is bounded 
in terms of d, and that the multipliers of the fixed points of (p are all contained in 
E. Let Me denote the set of absolute values of E, normalized in the standard way. 
For each v G Me, let C v denote the completion of the algebraic closure of the w-adic 
completion of E. The key observation is that there can be no critical point ( G C„ 
of if that is strictly attracted to a fixed point of (p. If that were the case, then that 
critical point would have an infinite orbit, contradicting our assumption about (p. 

Let A be the multiplier of any of the fixed points of ip. If A = 0, then h(X) = 0; 
hence, we may assume that A ^ 0. If v G Me is archimedean, and therefore C v = C, 
then we may apply Fatou's result, and conclude that 

(4) |A|„ > 1. 

If v is non-archimedean, then v extends some p-adic absolute value on Q, and we 
write v | p. In this case, we may similarly apply Theorem 11.21 to <p over C„, and thus 
obtain that 

I Ah > £ p> d- 

We now invoke the standard fact [121 Proposition 3.2] that for any prime p we have 

IK - Q» 



E 

v£M E 
v\p 



[E: 



to obtain from Definition 12.41 



h(X) = h(X- 1 )= J2 1 §^l°gmax{l,|A- 1 |„} 

< E E^^s^E^si 

p prime v£Me p<d 
v\p 

where the first equality is a standard result of the product formula (see (121 Propo- 
sition 3.3]), the inequality comes from discarding the archimedean places in light of 
(J4j), and the final equality is because e Pi d = 1 for all p > d. Note that the bound in 
((Sj) is finite and depends only on p and d. 
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To summarize, we have shown that if (p(z) G Q(z) has degree d and is defined over 
an extension of degree at most B, then the multipliers of the fixed points of (p lie in 
a set of bounded height and algebraic degree, where both bounds depend on B and 
d, but not on the particular map (p. Applying this result to the iterate (p n shows that 
the same is true of the multipliers of the points of period n, although the bound now 
depends on B, d, and n. Thus, the set XB,d, n defined above is indeed finite. □ 

Note that we can be quite explicit about the bound on h(X). Recalling from 
Theorem 11.21 that 

e Pt d = min { \m\p ■ 1 < m < d} , 
our height bound for multipliers of fixed points of PCF maps of degree d > 2 becomes 

h(X) < d log maxjlmlp 1 : 1 < m < d} = d A(n), 

p<d n<d 

where A now denotes the von Mangoldt function [21 Section 2.8]. Since the prime 
number theorem is equivalent to the fact that Y^ n <x^( n ) * s asymptotic to x, our 
upper bound is asymptotic to d 2 , although the quality of the error term depends on 
which conjectures of analytic number theory one is prepared to adopt. 

It remains to prove Theorems 11.21 and 11.41 which we do in Section HI and Theo- 
rem [T75l which appears in Section [61 

3. Background on non-archimedean analysis 

In this section, we summarize the definitions and results on non-archimedean anal- 
ysis, and especially Berkovich spaces, that we will need to prove Theorem 11.21 

Fix an algebraically closed non-archimedean field K with absolute value | ■ | as in 
Theorem II .21 By an open disk in W X {K) we mean an open disk 

D(a,r) = {x G K : \x — a\ < r} 

in K or the complement W l (K) \ D(a,r) of a closed disk in K. Similarly, a closed 
disk in P 1 (fC) is either a closed disk in K or the complement of an open disk in K. 
In either case, we say the disk is rational if the radius r > lies in \K X \. 

A closed (respectively, open) connected affinoid is the intersection of finitely many 
closed (respectively, open) disks in P 1 (A'). We say the affinoid is rational if all the 
disks in the intersection are rational. 

Let U C P 1 (ii") be a connected affinoid, and let h G K(z) be a rational function 
of degree d > 1. Then h^iU) is the disjoint union of 1 < t < d connected affinoids 
Vi, . . . , Vi, where for each i = 1, . . . , £, there is an integer 1 < rrii < d such that h 
maps Vi everywhere m^-to-one onto U. Moreover, ni\ + • • • + rri£ = d. (See [51 Propo- 
sition 2.5.3] or [371 Proposition 2.6], for example.) The connected affinoids V±, . . . , Vg 
are called the components of h~ l (U). If U is closed (respectively, open, rational), then 
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every component V\ of h~ l (U) is also closed (respectively, open, rational). Moreover, 
if U is a disk and m» = 1, then Vi is also a disk. In addition, if U C if is a finite 
disk and ft, is a polynomial, then each is also a disk. For further information on 
affinoids and rigid analysis, see [9J [HI [21] . 

The Berkovich projective line over K is & certain space of multiplicative 

seminorms on if -algebras. It contains P x (if) as a subspace but is path-connected, 
compact, and Hausdorff. The Berkovich affine line over if is defined to be Ag erk = 
Pg crk \ {00} , the Berkovich hyperbolic space is H Ber k = P^rk \ P 1 ^)- The full 
definition of P^erk is rather involved; for details, the interested reader may consult 
Berkovich's original presentation in [7], the thorough exposition in [3], or the sum- 
maries in [61 Section 4], (221 Sections 2.1-2.2], and |I2J Section 5.10]. Still, we present 
a general description here, without proofs. 

Each point ( G Ag erk is associated to a multiplicative seminorm on K[z\ extending 
I • I, and we denote this seminorm by || • As a typical example, for each closed disk 
D(a, r) C if of finite radius r > 0, there is a corresponding point ((a, r) in Berkovich 
space defined by 

||/||f(a,r) = sup{|/(«)| :zeD(a,r)}. 

Equivalently, if we write f(z) = Ylii c i( z ~ a )\ we have ||/||^( a ,r) = sup{|cj|r J : i > 0}. 
The point ((a, r) is said to be of type II if r G |if x |, or of type III if r G (0, 00) \ |if x |. 
In other words, type II Berkovich points correspond to rational closed disks in if, 
and type III Berkovich points correspond to irrational closed disks in if. 

Meanwhile, each x G if induces a seminorm || • \\ x defined by ||/||a; = 1/(^)1- Such 
seminorms are the type I points of Ag erk , and the mapping if — > Ag erk by x 1— >■ || • || x is a 
topological embedding. There are also points of type IV, corresponding to decreasing 
chains of disks with empty intersection, but such points will not concern us here. The 
hyperbolic space H Be rk consists of the points of types II, III, and IV. 

Any seminorm || • ||^ in PJserk may be extended to K(z) by setting ||//<7||f = 
11/ llc/IMIc> wn i cn is independent of the choice of polynomials f,g G K[z) repre- 
senting the rational function f/g. The same definition also makes sense at type I 
points x G if, provided we allow to take on the value 00 if g(x) = 0. 

Meanwhile, we may define || ■ ||oo at the one remaining point 00 G Picric by setting 
Halloo = HMl/z)llo for any heK(z). 

Any point ( G P^rk has a radius rad(C) G [0, 00], defined by 

rad(C) = infjUz — a\\^ : a G if}. 

In particular, if ( = ((a, r) is a point of type II or III, corresponding to the closed disk 
D(a,r), then rad(C) = r. Meanwhile, rad(a) = for each type I point a G if, and 
rad(oo) = 00. The reader should be warned that the function rad : PB crk —> [0, 00] is 
not continuous, but only upper semicontinuous. However, rad is continuous on line 
segments in Pi} crk . Specifically, fix any point a G if , and let L a be the line segment in 
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Pg crk from a to oo. Then rad is continuous on L a , and in fact log o rad : L a — > [—00, 00] 
is a homeomorphism, with inverse t (->■ £(a, exp(i)). 

Given ( G ^Berk; eacn connected component of P^erk x {C} is called a tangent 
direction at (. If ( = C( a > r ) is °f type III, then it has two tangent directions: 
the component containing 00 and the component containing a. On the other hand, if 
( = ((a, |c|) is of type II, then it has infinitely many tangent directions: one containing 
00, and one containing each point a + cu, as u G K ranges over a set of representatives 
of the residue field of K. A point of type I or IV has only one tangent direction. 

For any fixed nonzero rational function h G K(z), the function ( 1— > from Pg erk 
to [0, 00] is continuous. (This statement is essentially the definition of the topology on 
Pg crk .) For any fixed a G K, the graph of the function logt >-)■ log ||/i||^( a ,t) is called the 
valuation polygon or Newton copolygon of the rational function h(z—a). This function, 
which is the composition of the homeomorphism £(ct,exp(-)) : [—00,00] — > L a with 
the map ( h-> \\h\\^, is continuous and piecewise linear, and the slope of each of its 
segments is necessarily an integer. More precisely, for any point ( = ((a, r) of type II 
or III and any b G P 1 (if), set N+(h, ((a, r), b) to be the nonnegative integer 

N+(h, ((a, r),b) = #{z G D(a, r) : h(z) = b}, 

counted with multiplicity, and define N~(h,({a,r),b) similarly relative to the open 
disk D(a, r). Then the Newton copolygon function logt (-)• log ||/i||^( a ,t) from [—00, 00] 
to [—00, 00] has integer slope to the left of logr given by 

(6) N~(h, C(a, r), 0) - N~(h, ((a, r), 00), 
and to the right of log r given by 

(7) N+(h, C(a, r), 0) - N+(h, ((a, r), 00). 

This integer is precisely the Weierstrass degree (i.e., the degree of the term of maximal 
absolute value) of the Laurent series expansion h(z) = Yliez c i( z ~ a Y 011 ^ ne anmilus 
X~ = D(a,r) \D(a, r — e) or X + = D(a,r + e) \-D(a, r), respectively, for sufficiently 
small e > 0. For further details on valuation polygons, see the foundational work in 
[38] . as well as the expositions in [391 VI.1.6,VI.3.3] and [HI Section 6]. For example, 
a proof of the piecewise linearity statement above may be found in [381 Section 3] or 
[3"9"l VI.1.6ff], albeit not phrased in the language of Berkovich spaces. 

Any rational function ip G K(z) induces a continuous function ip : PB erk —> P^rk' 
where for each ( G P^rk' the image (p(Q is the seminorm defined by 

\\h\\ (p(0 = \\ho (p \\ ( for all h G K(z). 

It is easy to check that for type I points ( = x G F l (K), this definition of (p(x) 
coincides with the usual action of ip on P 1 (K). If ip is nonconstant, then for any 
C G Pecrk) ^s image <p(() is a point of the same type. If ( = ((a, r) G P^crk is °f type II 
or III, then for each tangent direction v at (, (p induces a tangent direction ip* (v) at 
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<p(C), as follows. If v is the tangent direction containing oo, then for all sufficiently 
small e > 0, the image <p(X) of the annulus X = D(a,r + e) \D(a, r) is contained in a 
single tangent direction w at ip(C)- Otherwise, if v is the tangent direction containing 
b £ D(a,r), then for all sufficiently small e > 0, the image 'p(X) of the annulus 
X = D(b,r) \ D(b,r — e) is contained in a single tangent direction w at ^(0- m 
either case, the image tp(X) is an annulus of the form either D(c, s + S) \ -D(c, s) or 
D(c, s) \ D(c, s — 5), the image point 99(C) may be written as <p(Q = £(c, s), and the 
image direction is defined to be <p*(v) = w, the direction at cp(Q containing (p(X). 

Just as <f maps points of P 1 (if) to one another with multiplicity, v 3 * also maps 
tangent directions to one another with multiplicity. Indeed, the annulus X in the 
previous paragraph maps to its image with some multiplicity 1 < m < degy? that 
is independent of the sufficiently small e > 0. We define the multiplicity deg^((p) 
of if in the direction v at £ to be this integer m. If (p(C) = C(0, s) and (p*(v) is 
the direction at ((0, s) of either or 00, then deg^^tp) = \m\oo, where m is the 
Weierstrass degree (necessarily nonzero in this case) on the appropriate annulus from 
either (jBJ) or (J7J), respectively, and | • |oo denotes the (usual) archimedean absolute 
value. Readers familiar with P Berk will recognize that the integer m = deg^ #(<£>) is 
denoted m v (C, v) in [3l Section 9.1]; previously, in J37J Lemme 2.1], with v denoted 

V and referred to as a "bout", or end, it had been denoted deg (7- > ). It is less than 
or equal to the multiplicity or local degree of cp at (, denoted by m^(£) in [3], and by 
deg^OinEZra. 

The multiplicities deg^ ^(<p) satisfy the following useful properties. 

Lemma 3.1. Let ip,if) £ K(z) be rational functions, let ( £ KlBerk; owe? let v be a 
direction at (. Then 

deg Ci ff(V> ¥>) = deg^ ^iij) ■ deg^(ip). 

Proof. Although this statement is true for points of all types, we will only use or 
prove it for types II and III. Let X be a sufficiently small annulus abutting (, and let 

Y = <p(X). Then because ip : X — > Y has degree deg^^(<p), and if) : Y — > if)(Y) has 
degree deg^w^^), the desired equality is immediate. □ 

Lemma 3.2. Let ip £ K(z), let £ £ HBerk? o,nd let a £ K . Let v be the direction at ( 
containing a, let w be the direction at ( containing oo, and assume that v 7^ w. 

a. If <p*{v) is the direction at (p{() containing 0, then 

deg C) * = N~((p, CO) - N-(h, C, 00) > 1. 

b. If ip^w) is the direction at <p(() containing 0, then 

deg^ = -iV a + (^, C, 0) + N+(h, C, 00) > 1. 
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Proof. This is simply the alternate characterization of the tangent direction multi- 
plicities in terms of the Weierstrass degrees (EJ) and (J7]). □ 

We close this section by describing another function on ElBerk, similar to one intro- 
duced in [6] Section 6]. Fix a nonzero rational function ip G K(z) \ {0}. Define the 
distortion of ip to be the real-valued function S((p, ■) on Hserk given by 

(8) 5(<p, C) = lograd(C) + log - log \\<p\\ ( . 

Lemma 3.3. Let ip G K(z) \ {0}, let a G K, let r > 0, and set ( = £(a,r). Then 

(9) log |iV±(^ C, 0) - N±(<p, C, oo)| < %, C) < 0, 
where \ ■ \ denotes, as always, the absolute value on K . 

Proof. We will prove the lower bound for N~; the proof for iV+ is similar. After a 
change of coordinates on the domain, we may assume that a = and expand <p(z) as a 
Laurent series Y2iez c i z% on a sufficiently small annulus I = {x6f :r- e < \x\ < r}. 
Setting m = N~(<p,((0,r),0) — N~(h, £(0, r), oo), we have |<£>(x)| = \c m x m \ > \cix l \ 
for all x G X and z G Z \ {m}. Thus, for all t G (r — e, r), we have 

*ll < p'llc(o,t) = tsu P l*Ci|* 1-1 > l^c n |t n = \n\ ■ \\<p\\c(p,t), 

and hence S(h, £(0, i)) > |n|. In addition, 

^k'lk(o,t) = ^sup Nci|^ _1 < ^sup \ci\f~ 1 = sup = |Mlc(o,t), 

iGZ igZ ieZ 

and hence 6((p, C(0, £)) < 1. (See also P inequality (6.5)].) The desired bounds are 
now immediate by taking limits as t /* r, by the continuity of rad, ( h-> ||</j||f, and 
C ^ II V 9 ' lie on ^ ne nne segment L C PB crk . □ 

Remark 3.4. Combining the previous two lemmas, note that under the hypotheses of 
Lemma |3T2| the distortion 8((p, () is bounded below by log | deg^^(ip)\, which is finite 
if char.fr = 0. Specifically, under the same hypotheses, £(<£>, C) is bounded below by 
minjlog |m| : 1 < m < deg ip}. This fact will be essential in our proof of Theorem II .21 



4. Proof of Theorems 11.21 and 11.41 

In this section, we establish Theorem II .2[ using using an argument on the Berkovich 
analytic space P^erk associated to P^. The outline of the proof is as follows. First, 
there is a maximal open disk U containing the attracting fixed point 7, with the prop- 
erty that ip contracts all distances in U by a factor of exactly 1^/(7) |. In particular, 
all points in U are strictly attracted to 7, and hence it suffices to show that U \ {7} 
contains a critical value. We define a certain function G : P^crk ~~ y I - 00 > °°] that 
involves the Newton copolygons of ip and ip'; the slopes of G count the numbers of 
zeros, poles, and critical points of ip inside various disks. By controlling the growth 
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of G and then using these slopes to count carefully, we will be able to show that there 
are more critical points in <£> _1 (i7) than can map to 7. 

More precisely, Theorem 11.21 will be a consequence of the following. 

Lemma 4.1. Let if G K{z) be a rational function of degree d > 1, and suppose that 
ip has a fixed point 7 with multiplier A 7^ satisfying 

(10) 0< |A| < |deg (j ^| d 

for all ( G P^erk an d a M directions v at (. Then there is a disk U C P 1 (ii") containing 
7 such that ip maps U into itself injectively, all points of U are attracted to 7 under 
iteration, and U contains a critical value that is strictly attracted to 7. 

Remark 4.2. We will prove Lemma [4.11 using a much weaker assumption, as we will 
consider deg^y? only at a few points ( in the immediate attracting basin of 7. 



Proof of Lemma \4-l\ After a change of variables, we may make the following three 
assumptions: that 7 = 0, that if {00) = 00, and that the minimum absolute value of 
a non-zero root or pole of if is 1. (The second assumption is legitimate because ip 
has at least one other fixed point, and the third is because we may then conjugate by 
a map of the form z 1— > cz.) Define U = D(0, 1). Note that because if has no poles 
in U and only the simple zero at z = 0, we have 1^(^)1 = \Xz\ for all z G U. Thus 
ip{U) = D(0, |A|), which is a proper subset of U . 

Let V be the connected component of ip~ l (U) containing U, so that U is a proper 
subset of V, and ip is an m-to-1 map of V onto U, for some integer 1 < m < d. We 
may write V = D(0, R) \ (W± U • • • U W n ), where R > 1 and each W { = D(b h Si) 
is a rational closed disk contained in D(0,R) and not intersecting D(0, 1). We have 
<p(C(0, R)) = C(0, 1) and f(((b t , n )) = C(0, 1) for each i = 1, . . . , n. 

Define G : H Bcrk M by 

G(C) = m5(ifX) +log||v?||c = mlograd(C) + m log ||^'|| c + (1 - m) log||<p|| c . 

Note that G is continuous along any line segment in Heerk- 

First, since ^^(o.i) = \X\ and Nq(ip, ((0, 1), 0) — Nq(ip, ((0, 1), 00) = 1, Lem- 
mas 13.21 and 13.31 imply that 

G(C(0, 1)) = m ■ + log |A| = log |A|. 

On the other hand, the same two lemmas together with the assumption (flO|) show 
that 

G(C(0, R)) > mlog \No{<p, C(0, R), 0) - N^(ip, C(0, R), 00) | > G(((0, 1)). 
By the same reasoning, for each 1 < i < n, we have 

G(C(bi, n)) > m log \N+{<f, Cih, n), 0) - N+((p, C(6f, rO, 00 1 > G(C(0, 1)). 
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Consider the unique interval in Eleerk from £(0, 1) to ((0,R), which we identify 
with the real interval [0,logi?]. Since the function logr i— > G(((0,r)) on [0,logi?] 
is piecewise linear and continuous, and since G(((0,R)) > G(((0, 1)), there must be 
some subinterval along which G is increasing. On the other hand, the slope of this 
function is precisely 

(11) m[l + N+(<p', C, 0) - N+tf, C, oo)] + (1 - m)[N+( V , C, 0) - N+( V , (, oo)], 

where ( = ((0,r), at each point logr at which the function is smooth. Thus, the 
integer ([111) must be positive, and hence at least 1, for some r e [1, R); let S denote 
the infimum of all such r. By right-continuity of N$ , it must be the case that 

(12) m[l + AW, C(0, S), 0) - N+((f/, C(0, S), oo)] 

+ (1 - m)[N+(<p, C(0, S), 0) - iV +(^, C(0, S), oo)] > 1. 

If G(C(0, S)) > G(((0,1)), then again there must be a subinterval of [1,5] along 
which G is increasing, which contradicts the definition of S. Thus, we must have 

G(C(0,5))<G(C(0,l))<G(C(6,,r,)) 

for all 1 < % < n. Once again, then, G must increase along some subinterval of the 
interval in PB erk running from £(0, S) to ((h, s^). We discard each index i for which 
hi ^ D(0,S) and suppose, without loss of generality, that the remaining indices are 
i — 1, . . . , k. 

For each i, we again identify the interval in HBerk from £(0, S) = ((bi, S) to ((h, r^) 
with the real interval [logr;, logS 1 ]; indeed, the former consists of all Berkovich points 
of the form ((bi,r) with r; < r < S. As before, because the continuous, piecewise 
linear function logr i-> log G(((bi, r)) is greater at logrj than at \ogS, there must be 
points logr at which the slope of this function is negative, and hence at most — 1. 
Let Si be the supremum of all such r. By the left-continuity of A^T, we deduce that 

(13) m[l + N^', C(h, Si ), 0) - N^{<p', ((K *), oo)] 

+ (1 - m)[N b ~^, C{h, s^, 0) - N b -(<f, C(h, Si), oo)] < -1. 

Let W = D(0, S) \ [£>(&!, s a )U- ■ -UD(b k ,s k )}, and for any h G if(z) and a e P x (^), let 
A"(/i, W 7 , a) be the number of roots of /i(z) = a in VF, counting multiplicity. Summing 
inequality ( fl3l) across i = 1, . . . , k and subtracting from inequality ( TT2|) . we have 

m[(l - fc) + N(<p', W, 0) - N(ip', W, oo)] + (1 - m)[jV(p, W, 0) - JV(y>, IV, oo)] > 1 + k. 

However, W C V, and therefore <£>(W) C <p(V) = U . In particular, (p has no poles in 
W, and hence neither does (p'. Thus, 

(14) m[(l-k)+N(<p',W,0)] + (l-m)[N(<p,W,0)] >l + k. 
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Let M > denote the number of critical points in W that are not zeros of <p>. Then 
because z = G W is a simple zero of we have 

(15) N((p' , W,0) < M + N(<p, W, 0) — 2, 

using the fact that if both ip and <// have a zero at x G K, then the order of vanishing 
of tp' at x is one less than the order of vanishing of ip at x. Combining inequalities ( fl4|) 
and (fl5l) then gives 

m(l - Jfe + M - 2) + N(cp, W, 0) > 1 + Jfe, 

and hence 

mM > (1 + jfe)(l + m) - N(ip, W, 0) > (1 + Jfe)(l + m) - m > 0. 

Thus, M > 0, which is to say that there is a critical point a E W such that 
G £7 \ {0}. However, recall that </j : C7 — )■ U has the property that \ip(z)\ = \Xz\ 
for all z <E U. Thus, y n (a) — )■ as n — > oo, but (p n (a) ^ for all n > 0, as desired. □ 



Proof of Theorem ! 1.2[ As described in Section [3l we have 1 < deg^<£> < d for all 
C G ^Berk an d a ^ directions u at (. Since we had e = min{|m| d : 1 < m < d}, 
inequality (fTUj) holds for all ( G P B erk- Thus, the conclusion of Theorem 11.21 is 
immediate from Lemma [4. II □ 



Proof of Theorem \1.4\ If <p (a) = 0, then the result is trivial, as a is a suitable critical 
point. We may therefore assume that <p'(a) ^ 0. We may also choose c G K with 
|c| < e/\(p'(a)\, and with |c| arbitrarily close to e/\(p'(a)\. Recalling that <p(a) ^ oo 
by hypothesis, define h(z) = c(z — <p(a)) + a, and ip(z) = h((p(z)). Then t/>(oo) = oo, 
= a, and ^'(a) = c<p\a) satisfies < |^ / ( a )l < £ - 
Applying Lemma 14.11 to ip produces a disk (/CP 1 (X) containing a and a critical 
point /3 such that 

(1) ip maps C/ into itself injectively, 

(2) ip n (x) — > a for all x G £7, and 

(3) G £/. 

By property (2), we have oo ^ U, and therefore property (1) implies that U \ {a} 
does not intersect oo}) = <y? _1 ({<^(a), oo}). In other words, £7 is contained 

in the largest disk V C IT containing a but no other points of ip~ 1 ({ip(a), oo}). By 
hypothesis, however, = D(a,r). 

Meanwhile, ip and ^ have the same critical points; in particular, (3 is a critical point 
of <y9. Noting that the inverse function of h is h~ x {z) = c~ x (z — a) + y?(a), we compute 

y>(/3) = h-\^)) G /T 1 ^) c h-\D(a,r)) = Z%(a), |c|-V). 
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Taking the intersection of the disks D(<p(a), |c| V) across all c 6 K with |c| < 
e/\(p'(a)\, and bearing in mind that (p has only finitely many critical points, it follows 
that there is a critical point (3 satisfying (p(/3) G D((p(a), e~ x r\<p'{a)\), as desired. □ 

5. Sharpness of the Bounds 

As we commented in the introduction, the bound e Pj d of Theorem 11.21 can be im- 
proved for polynomials. 

Theorem 5.1. Let K , \ • \, p, and d be as in Theorem \1.2l and define 

e = £p°j y = min{|m| m : 1 < m < d} > e Pjd . 
Let ip(z) E K[z] be a polynomial of degree d, and let 7 be a fixed point of p satisfying 

0< |^(7)| <e. 

Then there is a critical point of ip which is strictly attracted to 7. 

Proof. We essentially follow the proof of Lemma 14.11 In particular, we may assume 
that 7 = 0, and that U = D(0,1) is the largest disk containing on which ip is 
injective. Setting V to be the connected component of p^iJJ) containing 0, we 
conclude that the mapping ip : V — > U is everywhere m-to-1, for some integer 1 < 
m < d. This time, however, we know that V is a disk D(0,R), since ip is a polynomial, 
and that <p has exactly m zeros and no poles in D(0,R), counting multiplicity. 

Defining G : Heerk - > K exactly as in the proof of Lemma 14.11 then, we have 

G(C(0, R)) > m log \Nq(<p, C(0, R),0)- iV " (<p, C(0, R),oo)\ 

= mlogm > |^(0)| = G(C(0, 1)). 

Thus, there is some radius S G [l,R) at which G(((0,r)) begins to increase. We 
again conclude that inequality (fl2"j) holds. Because <p has no poles in W = D(0,S), 
it follows that 

m[l + N(ip', W, 0)] + (1 - m)N(ip, W, 0) > 1. 

Again setting M > to be the number of critical points in W that are not zeros of 
p, inequality f JT5|) then implies 

m(M - 1) + N(ip, W, 0) > 1. 

On the other hand, since W C V, we have N(ip, W, 0) < m, and therefore M > 
1/m > 0. That is, there is a critical point in W that is not a zero of <p, and the 
conclusion follows. □ 

Remark 5.2. In the proof of Theorem I5.1[ the only use of the hypothesis that <p is 
a polynomial is to conclude that the connected affinoid V is in fact a disk D(0,R), 
which in turn obviously implies that there are no poles inside D(0,R). Thus, the 
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sharper bound of Theorem 15.11 actually holds any time the region V in the proof of 
Lemma 14.11 is a disk, even when (p is a rational function. 

The bound in Theorem 15.11 is sharp, as the following example shows. 

Example 5.3. Let K, | • |, p, and d be as in Theorem 11.21 Let m be an integer 
minimizing \m\ m for 1 < m < d. We will construct a PCF polynomial 'p(z) G K[z] 
with a fixed point at z = for which the multiplier satisfies |<^'(0)| = \m\ m . In 
particular, because (p is PCF, no critical points can be strictly attracted to the fixed 
point at 0. 

If \m\ > \d\, then by minimality we must have m = d. If \d\ = 1, then 

<p(z) = (z + l) d -l 

has a fixed point at of multiplier d, but being conjugate to z \-> z d , <p is also PCF. 
On the other hand, if \d\ < 1, then we may choose 

It is easy to check that each finite critical point ( of ip satisfies y? 2 (C) = 0, and hence 
ip is PCF; in addition, |<£>'(0)| = \d\ d = \m\ m , as desired. 

It remains to consider the case that \m\ < \d\ < 1. Define 

<p(z) = az{z - l) m ~ l (z - b) d ~ m e K[z], 

where we will choose a,b G K shortly in order to guarantee that (p has no critical 
points other than 1, b, oo, a, and j3, for some a, {3 G K satisfying 

(16) (p(a) = 1, tp{p) = b, and \ab d - m \ = \m\ m . 
Conditions f[T6l) imply that |y'(0)l = but also that (p is a PCF map. 

A simple computation shows that the only critical points of (p outside of 1, b, and 
oo are the two roots a, G K of the polynomial dz 2 — (m& + d — m + l)z + b. Thus, 
to verify conditions (1TB]) . we need to show that there exist a,b,a, (3 £ K satisfying 

da/3 = b, d(ot + 0) — rob + d — m + 1, 

(17) ip{p) = hp(a), a = a- 1 {a-iy {m ~ 1 \a-b)- {d - m \ 
and with |a6 d_,n | = |m| m . The first two equations of (1171) give 

. _ N _ d + 1 — m — da , , aid + 1 — m — da) 

(18) (3 = —— — and b = , 

dyl — ma) 1 — ma 

which, when plugged into the third equation, gives f(a) = 0, where 

(19) f(z) = d d (d - m) d - m z d - m+2 (z - l) d -\l - mz) m - 1 

- (1 - m) m -\l - dz) d -\d + 1 - m - dz) d - m . 
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It is easy to check that 

\f(l/m)\ = \d\ 2d - m - Vr~ 2d+1 < W^mr-™- 1 = ||/|| C ( 0l i/H), 

and hence / must have a root a in the open disk D(l/m, l/\m\). Equating the 
absolute values of the two terms in (fl9|) . we see that |1 — ma\ m ^ 1 = |<i| _1 |m| 2 . A short 
calculation then shows that the resulting values of a, b, f5 G K from equations ({18]) 
and the fourth equation of (jTTl) satisfy \ab d ~ m \ = \m\ m . Thus, conditions (|T6j) hold, 
and we have the desired PCF polynomial. 

Even if (p is not a polynomial, the bound for |y'(7)| in Lemma [4.11 and hence the 
constant e Pi d in Theorem II. 2\ can be improved to 

e' pd = min{|m| L |£|^" L : 1 < £ < n < d and 1 < m < n}, 

where L is defined to be \(n— 1)/2] , and where \x\ denotes the smallest integer greater 
than or equal to x. However, the proof is a bit more complicated than the proof of 
Theorem 11.21 Moreover, the new constant e' d is not a substantial improvement over 
e P)dl is far more complicated to write down, and appears still not to be quite sharp; 
see Example 15.41 

Rather than give a full proof of this stronger bound, then, we give only a sketch, as 
follows. With notation as in the proof of Lemma 14.11 note first that if the connected 
afnnoid V is a disk, then Remark 15.21 shows that the bound e poly > e' p d suffices, and 
we are done. Thus, we may assume that V is not a disk. Define 1 < n < d to be the 
degree of the mapping cp : V — > U. 

Let R' > 1 be the largest real number such that D(0,R') contains no poles, and 
define 1 < I < n to be the degree of if as a map from D(0,R') to its image. Note 
that because V is not a disk, we must have R' < R. Defining Ge '■ HB er k — )• K by 
Gi(C) — ^(v 9 ; + l°g IMIo we consider two cases. In the first case, if Gi(((0, R')) > 
Gg(((0, 1)), then we may mimic the proofs of Lemma [4.11 and Theorem 15. II to obtain 
a critical point in D(0, R') that is not a zero of (p. 

In the second case, that G £ (((0,R')) < G e {({0,!)) = log |</?'(0)|, write L = \{n — 
l)/2] as above, and define Gl(() = L5((p, C) + log \\p\\(. Without loss, we may assume 
that L < £; indeed, if £ < L in the definition of e' pd above, then since 2L < n, we 
may double I until £ > L. Thus, we have 

G L (((0, R')) = G,(C(0, R')) -(£- L)5(<p, C(0, R')) < log |^'(0) \ — {£ — L) log \t\, 

by Lemma [3731 By the assumption < |<^'(0)| < e' pd , it follows that Gl(((0, R')) < 
L log \m\ for every integer 1 < m < n. 

Thus, Gl decreases at some point along each line segement in Hecrk from ((0,R') 
to a boundary point or ((0,R) of V. We may therefore define a connected 

affinoid W C V just as we constructed W in the proof of Lemma I4.1( and because 
D(0, R') was already the largest disk containing but no poles of tp, W cannot be a 
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disk. That is, W is a disk with a positive number k > 1 of smaller disks removed. 
Mimicking the proof of Lemma \4 . 1 1 from inequality f lT2]) onward, then, for Gx, instead 
of G, we ultimately deduce that 

LM > (1 + fc)(l + L) - n > 2(1 + L) - n > (n + 1) - n > 0, 

where M is the number of critical points in W that are not zeros of <p, and we are 
done. 

It is unclear, however, what the sharp bound is for the general case of rational 
functions. Example 15.41 below shows that for any integers 1 < m < d with |m| < 
\d\ < 1, there are PCF maps if of degree d and with an attracting fixed point 7 
with |v?'(7)| = \d\ d ~ m / 2 \m\ m / 2 . Although this multiplier does not attain the bound of 
e' pd above, it is in general strictly smaller than the polynomial bound of . For 
example, if K = C p and d = p e + p e_1 for some positive integer e, then e^ ^ = \p\ v , 
where v = p e ~ x max{ep, (e — l)(p + 1)}. Meanwhile, the choice of m = p e < d gives 
\d\ d - ml2 \m\ m ' 2 = \p\ w , where w = p e ~\2ep - p + 2e - 2)/2. If e > 1 + p/2, then 
\p\ w < \p\ v . 



u^i^ — 1 



Example 5.4. Let i^, | • |, p, and d be as in Theorem ll.2[ let 1 < m < d be another 
integer, and assume that |m| < \d\ < 1. Define 

for some a,b £ K to be chosen shortly. The only critical points of if other than 1, b, 
and 00 are the two roots a, (3 G K of 

mz 2 — (db — d + m + 1)21 + 6. 

If we declare that a = (3 7^ 0, it follows quickly that b = ma 2 , and then that a 
satisfies 

mda 2 — 2ma — d + m + 1 = 0. 

The Newton polygon of this equation indicates that such an a G K exists with 
\a\ = Imc?!" 1 / 2 . Choosing b = ma 2 and a = a~ l (a — — b) d ~ m , where the 

latter choice guarantees that (p(a) = 1 and hence that <p is PCF, we have |6| = 
and \a\ = \md\~ m ^ 2 . Thus, the multiplier of the fixed point at has absolute value 
|^'(0)| = \d\ d - m / 2 \m\ m l 2 , as claimed. 



6. Periodic Points 

As noted in the introduction, we would like to remove the dependence on n of the 
bound e Pt d n in order to prove Theorem 11.51 The following lemma allows us to achieve 
this goal, at least in the situation when e p ^ = 1. 
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Lemma 6.1. Let p and K be as in Theorem \1.2L and suppose that <p(z) G K(z) can 
be written as a composition of rational functions, each of degree less than p. Then 
| degfff(ip)\ = 1 for all ( G P^rk an( ^ a ^ directions v at (. 

Proof. Write (p — ipj o ■ • ■ o , where di = deg ipi < p — 1 . Given any £ G P^erk an d 
direction v at (, write £i = C and W\ = v; then set = and u>j = ipi^(wi-i) 

for alH = 2, . . . , j. Then 

deg c> ^(^) = n deg 6,^(^) 
i=i 

by Lemma 13.11 However, each integer deg^. ^.{if^i) lies between 1 and dj < p — 1. 
Hence, 

I deg C) e(^)| = II I de g&^(^)l = l j = 1 ° 

i=l 

Proof of Theorem ! 1.51 Let 7 be a periodic point of tp of period n and multiplier A, 
with < |A| < 1. Then 7 is an attracting fixed point for (p n . By Lemma \6. 11 we have 
I deg^ ff(<p n )\ = 1 for all ( G PB er k an d directions v. Therefore, applying Lemma \3~T\ 
to ip n , which is a rational function of degree d n , 7 strictly attracts a critical point of 
ip n , under the iteration of ip n . However, by the chain rule, critical points of (p n are 
precisely points x G P 1 (i^) for which at least one of x,(p(x), ...,(p n ~ l (x) is a critical 
point of (p. It follows that 7 strictly attracts a critical point of <p under the iteration 
of ip n , and hence that the periodic cycle of 7 strictly attracts a critical point of if 
under the iteration of (p. □ 

Corollary 11.61 follows immediately from Theorem ll.5l because under those hypothe- 
ses, there is a distinct critical point associated to each attracting cycle. The bound 
of 2d — 2 is simply the number of critical points of a rational function tp G K(z) of 
degree d. It is worth noting that, just as in the complex case, this result bounds the 
number of attracting cycles, not the number of points in those cycles. 

Proof of Corollary \1.1\ Suppose one periodic cycle's multiplier does not lie in an al- 
gebraic extension of the prime field. If the field is a global function field of dimension 
1, then this is equivalent to the multiplier being a non-constant function, and hence 
in some valuation the cycle is attracting but not superattracting. Replacing K by 
the algebraic closure of its completion with respect to this valuation, we may apply 
Theorem 11.51 to obtain that the cycle in question strictly attracts a critical point. 
Therefore <p is not PCF. 

For a function field of arbitrary dimension, note that the PCF locus in Aid is 
defined over an algebraic extension of a finite field, and therefore over a finite field. 
Thus, any two points on the same connected component can be joined by an algebraic 
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curve defined over a finite field. This is a PCF curve over a finite field, and hence 
it defines a PCF map over a one-dimensional global function field. Its multipliers 
therefore lie in the algebraic closure of the prime field, and the same applies to the 
connected component. □ 

Remark 6.2. Although the set of all multipliers of a PCF map in characteristic or 
p > d only has to lie in an algebraic extension of the prime subfield, the multiplier 
spectra have to also lie in the field of definition of the map. Since the map is always 
defined over a finite-type extension, generated by its coefficients, the multiplier spectra 
have to lie in a finite extension of the prime subfield, which depends on the map but 
does not depend on the period of the spectrum. 

Unfortunately, Corollary 11.71 does not provide a proof of Thurston's rigidity result 
for a global function field K of characteristic p > d. However, if we had an analogue 
of McMullen's theorem in positive characteristic, then Corollary 1 1 . 71 would imply that 
any PCF map in K(x) of degree d must have constant multipliers, and hence must 
be either Lattes or isotrivial. A priori, however, there might be other exceptional 
varieties for the multiplier spectrum maps over fields of characteristic p. Fortunately, 
in one case we have a McMullen-type result independent of characteristic, giving us 
rigidity. 

Corollary 6.3. Suppose that K is a global function field of characteristic or p > 3. 
Then any quadratic PCF map over K is isotrivial, and thus defined over a finite 
extension of the prime field (i.e. a number field in characteristic and a finite field 
in characteristic p > 3) after an appropriate change of coordinates. 

Proof. By results of Silverman [43] . extending earlier work of Milnor [31], the map 
Ai : M.2 — > ^ 3 defines an isomorphism over Z between Ai 2 and a plane. Since the 
image of any PCF map under Ai will be defined over an algebraic extension of the 
prime field, so is the corresponding point in M.2{K) by Corollary 11.71 Finally, by 
Remark 16.21 the map in fact is defined over a finite extension of the prime field. □ 

Although Theorems 11.21 and II . 51 apply to function fields of characteristic or p > d, 
Theorem 11.21 completely fails for a function field of characteristic p < d, since the 
bound | deg^ | < 6((p,Q from Lemmas 13 . 2 1 and 13731 is vacuous if char K\ deg^^). 
Indeed, Corollary 16.31 is false for a function field of characteristic p, because the 
family z p + tz is PCF. It is thus not surprising that Theorem 11.21 fails as well; the 
map z p + t n z is PCF, with a fixed point at z = of multiplier t n , and we can make 
the t-adic absolute value of t n arbitrarily small just by increasing n. 

7. Good reduction 

It follows from Theorem 11.51 that if <p(z) G K(z) is a PCF map of degree d > 2, and 
if the residue characteristic of K is or p > d, then ip has no periodic cycles that are 
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attracting but not superattracting. Example [T] shows that such a map tp may have 
repelling cycles. However, the following result shows that if tp is a polynomial, then 
it also has no repelling cycles. 

Theorem 7.1. Let p and K be as in Theorem ! 1.2\ let tp G K[z] be a PCF polynomial 
of degree d > 2, and suppose either thatp = or that tp can be written as a composition 
of polynomials of degree less than p. Then ip has potentially good reduction, and in 
particular it has no repelling cycles. 

Proof. Suppose ip does not have potentially good reduction. After a change of coor- 
dinates, we may assume that is a fixed point of ip and that ip is monic. Hence, we 
may write tp(z) = X^=i a i z ' \ with ad = 1. By our supposition, ip does not have good 
reduction in this coordinate, and hence |a*| > 1 for some 1 < i < d. As a result, <p 
has a zero of some maximum absolute value r > 1. 

By Lemma 16.11 the tangent direction multiplicities of ip at every Berkovich point 
are never divisible by p, and hence for any s > 0, the Weierstrass degree of ip on 
D(0,s) is never divisible by p. Thus, because this same Weierstrass degree is the 
smallest integer n > 1 for which |a n |s n attains its maximum value, it follows that n 
is also the smallest integer for which |na n |s n_1 attains its maximum value. In other 
words, the Newton polygon of tp' is exactly the Newton polygon of <p, but shifted to 
the left by one unit. In particular, ip and tp' have the same number of zeros (counting 
multiplicity) of absolute value r. 

For any zero a of tp with |a| = r, consider the polynomial ip{z) = tp(z+a). Because 
■0(0) = but the tangent multiplicities of ip are prime to p, the same argument as 
in the previous paragraph shows that the Newton polygon of ip' is simply that of ip 
shifted one unit to the left, and hence ip' has one fewer zero in D(0, r) than ip does. 
That is, tp has one fewer critical point in D(a,r) than it has zeros. 

Combining the conclusions of the previous two paragraphs, then, it follows from 
the pigeonhole principle that there is some critical point /3 of tp such that \/3\ = r, 
but <p has no zeros in D(/3,r). It follows by induction on m > 1, then, that 

d 

\tp m m = l[\tp m - 1 (P)-a t \=r dm J 
t=i 

where a±, . . . , a^, are the zeros of tp. Since r > 1, we see that the critical point (3 is 
strictly attracted to oo, and hence tp is not PCF. □ 

Remark 7.2. Theorem 1 7 . 1 1 can be easily extended to any PCF polynomial tp e K[z] of 
degree d > 2 for which every Berkovich tangent multiplicity m = deg^ -(</?) satisfies 
either \m\ = 1, |m| > \d\, or m — d. After all, under those weaker hypotheses, if the 
Newton polygon of tp' is not simply a shift of the Newton polygon of tp, then tp has a 
critical point (3 of absolute value strictly larger than the maximum absolute value r 
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of the roots of tp. Thus, if tp had bad reduction, and hence r > 0, (3 would again be 
strictly attracted to oo. 

In particular, if K is a p-adic field, then Theorem 17.11 applies to polynomials of 
p-power degree. This observation reinterprets a result of Epstein [17], who uses it 
to prove Thurston's rigidity using algebraic methods in the case of polynomials of 
prime-power degree. Unfortunately, one cannot combine the p-power result with 
Theorem 17.11 to prove an analogous theorem for, say, polynomials of degree p e m, 
where m < p. Indeed, there are counterexamples to Epstein's statement in cases 
where p\d but d is not a power of p. 

Remark 7.3. The proofs of Theorems II .21 and 17. 1 1 and Lemma I6TT1 show that the failure 
of an (insufficiently) attracting periodic point to strictly attract a critical point, and 
the failure of bad reduction for a polynomial to force the point at infinity to strictly 
attract a critical point, can only occur in the presence of wild ramification. Indeed, 
such pathological dynamics can only arise when a tangent direction v at a Berkovich 
point ( has multiplicity deg^ divisible by p. Without loss, we may assume that 
£ is of type II, and after (possibly different) coordinate changes on the domain and 
range, we may assume that ( = tp(Q = ((0, 1). In those coordinates, having a 
tangent multiplicity divisible by p corresponds to wild ramification of the reduced 
map Tp e k(z) over F 1 (k), where k denotes the residue field. In this light, Lemma [6.11 
shows simply that a composition of maps of degree less than the residue characteristic 
can never be wildly ramified. Thus, the important property of low-degree maps is not 
so much the fact that the degree is small, but rather that such maps are absolutely 
tamely ramified, in the sense that they exhibit only tame ramification over the residue 
field in any choice of coordinates. 
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